Abstract. Let M be a complete Riemannian manifold with Ricci curvature bounded from below: Ric(M ) ≥ −κ. Let N be a simply connected complete Riemannian manifold with nonpositive sectional curvature. Using a gradient estimate, we prove Liouville's theorem for the ancient solution of heat flows.
Introduction
In 1964, Eells and Sampson introduced the heat flow method to study the problem of existence of harmonic maps between compact Riemannian manifolds. Let (M, g) be a compact Riemannian manifold and let N be a closed submanifold of the Euclidean space R k . They proved that, if the sectional curvature K N of N is nonpositive, then any map φ ∈ C 1 (M, N ) can be deformed to a harmonic map. 
It would be highly desirable to have a noncompact version of Hamilton's estimate. In [4] , they discovered that the elliptic Cheng-Yau estimate actually holds for the heat equation, after inserting a necessary logarithmic correction term. Their main result is the following:
Then there exists a dimensional constant c such that
|∇u(x, t)| u(x, t) ≤ c 1 R + 1 √ T + √ κ 1 + ln M u(x, t) in Q R/2,T /2 .
Moreover, if M has nonnegative Ricci curvature and u is any positive solution of the heat equation on
for all x ∈ M and t > 0. Remark 1.1. Without seeing the paper [4] , we obtained the Liouville theorem for the positive quasi-harmonic function by a different method in one of our papers which is to appear. It is just the time-independent version of (1.5) for M = R m .
The main purpose of this paper is to consider the elliptic gradient estimate for the ancient solution of the equation (1.1) when the target manifold N is a general complete manifold. We can obtain that 
where C > 0 depends only on m and N . 
satisfies the assumption of Theorem 1.3. Thus the result of section 3 in [2] can be deduced by Theorem 1.3.
(
Clearly it is an ancient solution for the heat equation and it is not constant. So our growth condition in the spatial direction is sharp in this sense.
Proof of theorems
The quantity we used to do a gradient estimate is
, which is different from the quantity used in [4] .
Proof of Theorem 1.2. Let
Note the following Bochner formula:
where u i = du(e i ) and e 1 , e 2 , . . . , e n is an orthonormal frame of M . Using the assumption of Theorem 1.2, we have
where H(ρ 2 ) is the Hessian of ρ 2 . Since the sectional curvature of N , K N ≤ 0, the Hessian comparison theorem implies that Δ ρThen we have
and
By (2.3), (2.4), (2.5) and (2.6), we have
From here, we will use the well-known cutoff function of Li-Yau [3] and the argument in [4] .
Let ψ = ψ(x, t) be a smooth cutoff function supported in Q R,T , satisfying the following properties:
(2) ψ is decreasing as a radial function in the spatial variables.
Suppose that the maximum of ψφ is reached at (x 1 , t 1 ). By [3] , x 1 is not in the cut locus of M . Then at this point, one has So, we have at (
(2.8)
Using the fact that |∇ρ 2 | ≤ b|∇u|, we can get
(2.9)
By the properties of ψ, one has
As for III = φ(ψ t − Δψ), by the properties of ψ and the assumption on the Ricci curvature, we have that From (2.8), (2.9), (2.10), (2.11), (2.12) and (2.13), we obtain that Since f (R) = o(R) by assumption, the result follows after taking R to ∞.
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